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Setting the Stage 


Prologue: Three Stories 
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Solution in back of book. 


Denote the position of the ant by A and the point on the edge halfway between the 
ant and the drop of honey by M. The shortest path between A and M is the great 
circle joining the two points. By symmetry, the second half of the trek from M to the 
honey is also determined. 


Use the same “cut the cylinder and unroll it” trick as in the text, and follow the 
discussion in the text allowing for the difference in speed. Evidently, the ant now 
spends more time on the outside of the glass than on the inside. 


I From Newton to Riemann: Coordinates to Curvature 


I.1 
1 
2 
3 
4, 5 
6 


Newton’s Laws 
Solution in back of book. 
Solution in back of book. 
Solution in back of book. 
Solution in back of book. 


Let R denote the radius of the earth, d the distance from the midpoint of the tunnel 
to the center of the earth, r the distance from an arbitrary point along the tunnel to 
the center of the earth, and w the linear coordinate measuring the distance along the 
tunnel joining city A and city B. (You need to draw a figure to follow this discussion.) 
One check to see if you drew the figure correctly: r ranges between d and R. Let the 
w coordinate be set up so that it ranges from —V R? — d? to +R? — d?, vanishing 
at the midpoint of the tunnel. According to Newton’s two superb theorems, the force 
acting on the railroad car (of mass m) when it is at the point specified by r is given by 
F, = —G(Mr?/R3)m/r? = —GMmr/R?. But this force is pointed toward the center 
of the earth. What we want is the force F along the tunnel, and so we have to multiply 
F, by the cosine of some angle; you can see from your figure that the cosine equals 
w/r. Thus, we have F = F.w/r = -GMmw/R?. Now Newton’s ma = F tells us that 
wt = —GMw/R? = —(g/R)w with g the acceleration due to gravity at the surface of 
the earth (which you learned in school is given by ~32 feet/sec” or ~9.8 meters/sec’). 
This equation, supplemented by the boundary condition w(t = —T/2) = —V R? — d? 
and w(t = —T’/2) = 0 (in light of the symmetry of the situation, we set up coordinates 
so that w(t = 0) = 0), has the solution w(t) = —V R? — d? cos[,/g/R(t + (T/2))]. The 
condition w(t = 0) = 0 then fixes the period T = 7,/R/g. The remarkable result is 
that the transit time, which works out to be about 42 minutes, does not depend on d 
(and hence the location of the two cities.) 


1.2 


Conservation Is Good 


1 We have 47, ma aa =-»> OV ®) — 0. If you are confused about the last equality, 


1.3 


a Oxi, 


consider the N = 2 case in which (sar + Bog )V (a1 x2) =0. 


Rotation: Invariance and Infinitesimal Transformation 


Consider an infinitesimal rotation by an angle 6@ in the (1-2) or (a#-y) plane. Then 
since p is a vector, its components transform like (using (14)) 

pt pt + 60 p* 

p ae p _ 60 p 

p° p 


and likewise for g The array of three numbers then transforms like 


pg? (p? — 60 p') g 
pq 28 p? (qt + 60 q’) 
p¢ (p' 4 60 p”) (¢? — 60 q') 


But if this array were a vector, it should have transformed like 


pg pg + 60 pq! 
pqt my pg = 60 pq? 
ogg pe 


Since the array does not transform as it should under this rotation, it does not 
transform like a vector under rotations and is therefore not a vector. 


For the other array, let us define the coefficients a’ as 


al pq? — peq2 
a2 | = { pq! — pl 
a3 piq? — p2qt 


Then we note that in index notation, we can write 


a= eR) gk 


Under an infinitesimal rotation, p) — (67* + AJ*)p*, where by (14) the matrix A is 
antisymmetric and traceless. Then the a’ transform like 
a =n cisk (67 + A?) (oe + A’) mae 
= Esk yi gk ay (een Aye a etm AJ") pq” 
a esky gk 4 (e979 APgin gm _ eit) Asp 595m) pq” 
= etd) gk ao (6r6mP _ gnome) ed AIP’ g™ 


To get to the second line, we only kept terms linear in A (since this is supposed to 
be an infinitesimal rotation), and to get to the third line, we used the antisymmetry 


2 


of e*, relabeled indices, and explicitly included the Kronecker deltas. Now, we can 
- ae: ey 
use the identity e* eh’ — §#69™ _ §°™§) to write 
ai Deg esky gk ahs ermk Amp ins AIP pf gi 
= esky gk 1 elk (6P96%* a 6Pt§s*) Alp’ g™ 
= esky gk act elmk (AI96%* = A**) pq” 
= glib gk 4 ikghlm pgm 
= (6* + A'*) erent g™ & (o* + A'*) a* 


To get to the second line, we used our Levi-Civita identity again. To get to the fourth 
line, we used that fact that A’? = 0, since A is traceless. Finally, to get to the fifth 
line, we used the antisymmetry of A and ¢« and relabeled some indices. Thus the 
components a” transform correctly under infinitesimal rotations, and so they do form 
a vector. 


Solution in back of book. 


The infinitesimal generator of rotations about the z-axis is 7, given in (14); the 
generator of finite rotations is R,,(0,) = e®%. Note that for integer n, we have 


0 0 O 0 0 0 
Perens 8s >a fos | 0.1.20 
0 -1 0 0 0 1 
Then in the power series expansion for R,(0,), we can separate even and odd powers: 


Co 


1 
Re(6z)= >) OeIe 


n=0 


ae Oa oe 1 
pa T 92” 2n g2nt1 2n+1 
+ D0 Gal a Se +). Garay a de 


1 0 0 00 00% | 0 0 O\.% i 
={0 0 0)/+{0 1 oJ 8° o+]0 0 1) $0 67} 
000 0 0 1) Azo 27)! 0 -1 Of Azo 2n+D)! 

100 0 0 0 0 0 0 
={0 0 0}+1]/0 1 0] cos#,+]0 0 1) sind, 
0 0 0 00 1 0. =1° 0 
1 0 0 
=1|0 cos@, sind, 
0 —sin@, cos 6, 


For R,(@,), note that we can simply permute the axes  — y, y > z, and z — a, 
which corresponds to just reshuffling the rows and columns of the matrix R,(6,), so 


3 


we can immediately write 


cos Oy sin Oy 
Ry (Oy) = 0 0 
—sin dy cos Oy 
By explicit computation, note that 
1 0 0 cos#y, OQ sind, 
R,(62)Ry(Oy) = {0 cos@; sind, 0 1 0 
0 —sin@, cosé@, —sind, O cos, 
cos Oy 0 sin Oy 
= | —sin 6, sin 6, cos 0, sin 0, cos 6, 
—sin@, cos#; —sinO,  cos6, cos Oy 


cos#,  —sin 6, sin By 
0 cos 6, 


SK 


—sin@, —sin 0, cos6, 
4 Let’s start with (19): 7 — 
Fag) = i (85% — 


Then we have 


[Jenn Toa)” = Tenn) Tiga — 2 Bs 2 a) 


cos 6, sin by 
sin 6, = R,(0,) Re (Ax) 
cos Oz Cos Ay 


om on) 


ae oer = Me aa (gP8 529 _ §P5 69") = (m CDne q) 
= GPP GMM GI 4 SPIGM* SPI 4 GMPEM SII _ MIG" §PI _ (m > p,n © q) 


= GMP (GGT — GG) + G4 (GSP — GP-g™) 


(1) 


4 aig (ones = ge) ze md (6P'6” = 669) 


— _senp sty ong tg 
= -16 Joma) +76 "Gai 


and thus 


Baer Jp) =4% (one cy ae Fe 


5 Solution in back of book. 


1.4 Who Is Afraid of Tensors? 


somp qij -om@ zig 
+76 Jing) — 26 qi 


(np) 


np Ti mq Tt7 
OP Tngy — 6 aye) 


1 This follows from the observation that V transforms like a vector, as suggested by the 


notation. 
2 Just change the sign in (5): 


Td Be T's = R* RK! ae 
R* Ri pki 4 Ri RTE = 


Rik RUE! 


Rik Re cps sis qs) = R* RI gk (2) 


3 da! = dxJ, where the Jacobian J = det 2; = det R= 1. 


ap!t 
Oxd 


A Solution in back of book. 
5 Solution in back of book. 
6 The first index i can take on D values. Then for a specific 7, 7 can take on D—1 


values, and k only D — 2 values. Since T*/* is totally antisymmetric, we see that T 
bas a —1)(D —2) components. For D = 3, there is only one component, namely 
Le? 


7 It has only one component, which we can write as T!?? = j,<"7*T"J*. Under a rotation, 
chk _, ctik RW RIN REE TEI — (det RyeMT PTI = eT RTHI* | where we 
’ 
used the definition of the determinant. 


8 Solution in back of book. 


9 Solution in back of book. 


1.5 From Change of Coordinates to Curved Spaces 


— 


Solution in back of book. 
2 We have x = @cosy and y = @siny, so that 


dx =cospd0—O@sinydp dy=sinydé+ dcosydyp 
d§=cospdzx+sinydy Ody =-—sinydx+ cosy dy 
Small « and y implies small 6, so in the metric ds? = d6? + sin? @dy?, we ex- 
pand sin? 6 = 6? — 64/3 + O(6°). The metric then becomes 
ds* = do? + (1— 460? + ---) (Ody)? 

= (cos pdx + siny dy)? + (1-307 +---) (—sin y dx + cos y dy)” 

= dx? + dy? — 4 (—O@sinydz + 0 cosy dy)” +++: 

= dx? + dy? — 4 (-ydx + ady)?+--- 


y2 52 
= (1-5) ao? + (1-3) dy? + 2 xydxdy+--- 


3 


3 Solution in back of book. 


4 Solution in back of book. 


5 Solution in back of book. 


6 Recall that the curvature of a space can be evaluated by considering the ratio of the 
circumference to the ratio of infinitesimally small circles. If the radius of the circles 
is €, the curvature is 


where C is the circumference of the circles. We are told that ¢ = @ and C = 27sin8, 
so we have 


<4 6 1 27 sin @ 
~ 6-0 02 \ On 
, 6 ‘ 
= on 02 (1— (1-36 + O(6"))) 
6 
= lim = (30° + O(6")) 


I 


7 Define the circle by x? + y? = 1. First, obtain the metric: ds? = dx? + dy? = 
dx?/(1 — «?). In polar coordinates, @ = arctany/a = arctan V1 — a2/x. By direct 
differentiation, we obtain d0 = —dx/V1— 22. We recognize 1/V1 — x? as precisely 
VG: 


8 The actual length width and height of the volume element are given by adz, bdy, and 
cdz, and so the volume is indeed given by d?a,/g = d?xvVa?b?c?. 


9 Our coordinate transformation between the Cartesian coordinates X* and spherical 
coordinates 6; is 


n-1 d 
X” = cos, || sind; for n < d, X41 = [J sind; 
i=l 


i=l 


To prove the Pythagorean relation, we proceed by induction. For the base case of 
the S', it is trivial: we have X! = cos 61, X? = sin 62, so clearly (X!)? + (X?)? = 1. 
For the inductive hypothesis, assume the Pythagorean relation is satisfied for $¢~}; 


then we show that it is satisfied for S@ as well: 


d 
dX ety a 
n-1 
Yo os On Ws 0; + [sir 6; =1 
d—1 n-1 = i 
S- Cos? On, II sin? 6; + cos? 64 I sin? 6; + sin? 6, I sin? 6; = 1 
n=1 i=1 i=1 i=1 


d—-1 n-1 d— 

S cos? On [[ sx’ 0; + (cos? 04 + sin” 02) [[s~” 6; =1 

n=1 2=1 i=1 
eee T]sn? a+ [site = 
n=1 


To get to the third line, we explicitly removed the last term from the summation and 
from the second product. Now we recognize the final expression as the Pythagorean re- 
lation for $4~!, which is satisfied by our inductive hypothesis, and so the Pythagorean 
relationship is satisfied for S%. 


To find the metric on $%, we proceed recursively. Consider the coordinates X*, i = 
1,...,d in which we embed an S¢-!: 


n-1 
X" = cos, || sind; forn<d-1, X4= [[ sind; 
i=l i 
and the coordinates Ke, i=1,...,d+1 in which we embed an S?: 
n-1 ie d 
X” = cos, || sind; for n < d, x4) = [J sind; 
i=l i 


We can relate these coordinates via 


X'=X' fori=l,...,d—1, X%=X%cos6y, X!= X4%sin6, 
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11 


12 


13 


14 


Then the metric on S$? will be 


d+1 ee 
403 = >> (aX) 

ce ~\2 an 2 a 2 

=> (aX) + (4X4) + (axe) 
A 

= S7 dX") + (cos04dX4 — X4sin 04d04)” + (sin0adX4 + X%cos64d04)° 
s 

= > (ax')? + (4x4)? + (x4)? 402 
"4 

= S7 (dx*)’ + (x)? a6? 


The first term is just the metric on an S¢~!, so we have 
2 
dO3 = dO2_, + (X*)" dd3 


The metric on an S$? is just dQ? = d6?, so with our expression for X“%, we can iteratively 
construct the metric on an arbitrary S%: 


dQ? = do? + sin? 0, d03 +++. + sin? 6, ---sin? 0g_; d03 


Solution in back of book. 


We have \/g = \/911922°** Jaa = (sin 1) --- (sin 6 --- sin @q_1), where in this product, 
evidently sin 6; appears (d — 1) times, sin@2 appears (d — 3) times, and so on. It is 
easier for you to grasp what is going on than for me to say it! The area element is 
given by this times d0,d62---d@q and thus is equal to dé for d = 2, sin 0,d6,d0_ for 
d = 3, and sin? 6, sin 2d0,d02d63 for d = 4. (You can easily keep going.) Integrating 
over 0 < 0; < m for 1 <i < d and over 0 < 6g < 27, and using Jo dO sin 0 =2 
and te dO sin? 9 = %, we obtain that the generalized area of (27), 2(27) = 4m, and 
(3)2(27) = 2n? for St, S?, and $3, respectively. 


Distance around the equator: 27(b? +a7)/b. Distance around a circle of fixed longitude 
through the poles: 2 fe d0\/b? + a? cos? @, which can be evaluated in terms of elliptic 
functions, but for a = b, this gives ~ 7.64a. The area is 47(b? + a”). 


Comparing two similar triangles in figure 3 gives us (L— / L? — r?)/r = 2L/p. Solving, 
we obtain the stated result. 


The demonstration of the result, that angles are the same as calculated with the two 
different metrics, is given in the solution I.6.10. 


8 


15 To compare the expression for the divergence given in appendix 3, 0,-W” + 0gW? + 
OWE + FW" + SEGW! = 250-(r?W") + s90o(sin OW") + A,W* (notice that 
we have merely gone back to the first form given in (26)) witli the expression 
V-E= 4,0,(r?E,) + +7 0o(sin 0E9) + —+,0,E, given in elementary texts, we see 
that we have to lower indices and to make a evil: change in normalization. We have 
WE = gt”W, with g™ =1, g?? = 1/r?, and g?? = 1/(r? sin? 9). Furthermore, from 
the combination W“90,, in the expression we started the discussion with in appendix 3, 
we see that W? and W® have an extra dimension of inverse length compared to W", 
while E,, E», and Ey in the elementary discussion all have the same dimension. Thus, 
we define W, = E,, We = rg, W, = rsin@E,. We recover the usual expression. 


16 Solution in back of book. 
17 Solution in back of book. 


18 Solution in back of book. 


1.6 Curved Spaces: Gauss and Riemann 


1 The coordinates (x,y) that the Eskimo mites use correspond to distance traveled 
from the north pole along the sphere. The coordinates (%,4) used in (2), however, 
correspond to distance traveled from the north pole along a tangent plane. If @ is the 
polar angle of the sphere, we should therefore expect x? + y? = 67, while £7 + g? = 
sin? 6. We can then write the two coordinates as follows: 


x=O@Ocosp y=2Osing 
Z=sindcosp y=sindsing 


We can rearrange these into the explicit coordinate transformation 


7 ah =#+ia7 +104... 
arcsin y/& Pras “oh Os a 
y= win ETE peeps 


Plugging this into the Eskimo mites’ metric from exercise 1.5.2, we get 


y? 2 
ds? = (1- r dz? + (1- =) dy? + 2 aydxdy+-:- 
= (14+ 27) dz? + (1497) dj’? + 2%gdtdj+--- 
This is clearly of the form given in (2), with a? = b? =1 andc=0. 


2 Let us take the torus to be a tube of radius a coiled into a circle of radius L. Embedding 
the torus in usual 3-dimensional Euclidean space, we take its axis to be the z-axis, 


so if we introduce the usual azimuthal angle y in the (x-y) plane and an additional 
angle 6 that parametrizes the circles of constant ¢, we can parametrize the torus as 
X = (L+asin@) cosy 
Y = (L+asin6)sing 
Z = acosé 


Now, consider some point on the torus at coordinates (y,0). The tangent plane at 
this point is defined by the unit normal to the torus, which is just 


N = (sin 0 cosy, sin 6 sin y, cos 6) 
This plane is also spanned by the two tangent vectors 
Uy = Oy (X,Y, Z) = (-(L + asin 9) sin y, (L + asin @) cos y, 0) 
Uo = Oo (X,Y, Z) = (acos@ cos y, acos 6 sin y, —asin 8) 


To use the tangent plane method, we want to express the derivatives of the normal 
vector N in the basis {%,, vy}: 


+ sin O 
O,N = (—sin@ sin y, sin @ cos y, 0) = 


~ E+asind ? 


= 1 
OpN = (cos @ cos y, cos @ sin y, — sin 8) = — vg 
a 


The shape operator (that is, the matrix M) is then 


so the intrinsic curvature of the torus is 


sin 0 


a a(L + asin @) 


(a) The metric in the new coordinates becomes 
ds? = dw? + (1+2«) dC? +--- 


= (dw + odg)? + (1+ 2u + $7) (1 —w)do — ddw)? +++ 
= dw? + dd? +--- 


All linear terms have now canceled. 


(b) If we take ¢ to be the angular coordinate of the polar coordinates scaled by r* 
and « to be the normalized deviation of the radial coordinate from r*, we can write 
a coordinate transformation as 


Then starting from the metric in polar coordinates, the metric becomes 
ds? = dr? + r? dé? 
2 
= dk + (1 4 ~) dc? 
he 


2 
= dk? + (14>) eters 


which for r* = 1 is exactly the metric we started with. The civilization has thus been 
living in a neighborhood of the point (r,@) = (1,0). 


4 Solution in back of book. 
5 Solution in back of book. 


6 Let’s express the metric in exercise 3 in the locally flat coordinates (w, 6). We know 
that the space is really flat, and that we can obtain the metric in the coordinates 
(w, 6) from the metric in polar coordinates via 


r=l+wt+i¢ 
0=o- dw 
Thus we have 
ds? = dr? + r? dé? (3) 
= (dw + odd)? + (1+w+4¢2)" (—ddw + (1 —w) dd)” 
= (1+ ¢7) dw? — 2gw dd dw + (1+ 2¢? — 2w?) dd? +--- 


where the dots represent terms cubic or higher in w and @. We can now read off the 
coefficients Byy,ro: 


Busw,h¢ =1 
Bédwu = —2 
Bud,wd = —3 


The intrinsic curvature is then 
2Bubwd— Bua = Bébjios = 2(=2)+2=1=0 
as we should expect, since we know the space is just flat space. 


7 Any metric in D = 1 will take the form ds? = g;(x) dx. But if we change coordinates 
to y = { \/g11(z) dx (which will always be well defined at least in some region of the 
space), the metric becomes ds? = dy”. In this new coordinate, all derivatives of the 
metric are zero, so curves have no intrinsic curvature. 


8 Solution in back of book. 


11 


9 


10 
11 
12 


13 
14 


1.7 


— 


As is often the case, it is simpler to work out things in general than this specific 
example. Suppose we have arrived at gy,(2) = dy +2Apr, x +--+. (We define Ajv,. 


here with an extra 2 for convenience.) Now let 24 = a’! + L" y.a'¥e'4 +---. Then 


Dye = (Suv + 2Ayy,r@*) (54 + QL, a") (5% + QL”, g0"?) +++ 
= ba + 2(Apo,n + Lo,prx + Lp,ox)t® + °° 


where the first index in L,,,, is lowered with the Euclidean metric 6,, and I 
have introduced a comma to emphasize its symmetry properties. Thus, we could 
remove the linear terms in g,, by Lo... + Lp, = —Apo,x for L. Using an identity 
similar to that in the appendix to chapter I.4, or simply by inspection, we find 
Lp.od = 5(Apo,r + Apr.c — Aro,p). Note that, not surprisingly, this is closely related 
to the formula for the Christoffel symbol in terms of the derivatives of the metric. 


Solution in back of book. 
Solution in back of book. 


We immediately see with no extra work that the Poincaré half plane is conformally 


flat: 
2 dx? + dy? 


2 

y 
where Q(y) = 1/y. For the sphere, we need to do a little more work. Start with the 
metric on S? in standard coordinates: 


ds = 0?(y) (dx? + dy’) 


dé? 

ds” = dé” + sin? 6 dd” = sin? 6 ( 5+ i) 
sin* 6 
Define a new coordinate 7 = f d0/sin@ = Intan(@/2); then sin? @ = sech7~, so that 
we have 
ds* = 0" () (db? + dg’) 

with Q(w) = sechw. Thus the sphere is also conformally flat. 
Solution in back of book. 


According to appendix 3, the n-dimensional hyperbolic space is described by ds? = 


oe + r7dQ2_,. Set this equal to ds? = 0?(dp? + p*dQ?_,), and we have the two 


conditions r = Qp and dr/V1 +r? = Odp = rdp/p. Integrating this equation, we find 
r = 2p/(1 — p”) and Q = 2/(1 — p?). 


Differential Geometry Made Easy, but Not Any Easier! 


We easily calculate fa 4X — 4X40 From 2 = 1, we obtain a =e %//a2+1. We 


ae aoa 
then calculate $f = ee the magnitude of which gives Kk = e~*”/./a? + 1. Notice 


that « > 0 as y — oo, but K — 00 as y — —oo; that is, as the spiral spirals in toward 
the origin, it winds itself tighter and tighter. We next find b, which turns out to be 
just (0,0,1). As might be expected, 7 = 0. 
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Il 


TI.1 
1 


II.2 
1 


Solution in back of book. 
Solution in back of book. 


A simple calculation shows that « = a and 7 = b, in complete accordance with our 
geometric intuition. For b = 0, the curve does not twist. 


Evaluating Gauss’s equation, we find that Ky, = —gyv, and thus G = 1. 


Solution in back of book. 


Action, Symmetry, and Conservation 


The Hanging String and Variational Calculus 


We have F’(u) = u/V1+ u?. Thus, instead of the first term in (3), we would obtain 
a 1__‘dg 


T+ (“= +). 
da ( Ju ®? 

Solution in back of book. 

Solution in back of book. 

The metric is given by ds? = dx? + dy? + dé? = dx? + dy? + (S2dx + Se dy)? = 
1+ (22)?) da? + (1+ (22)?) dy? +222 22 dady. The area element dady,/@ is then up to 

Ox Oy Ox Oy 
quadratic order in ¢ given by dedy,/1 + (22)2 + (aa Thus, the amount by which 


the area is stretched is given by [ dady 1[(2¢)2 + (52)"). 


Solution in back of book. 


The Shortest Distance between Two Points 


From (11) we obtain sin? 9 %¢ = K < 1, which when plugged into (12) gives us 
(By? + zo = 1. The potential has a minimum value of K? < 1 at 6 = 7/2. The 
particle oscillates between two values of @ determined by sin? 6 = K?. 


We need to consider only three cases (up to permutations of the indices) in which the 
Christoffel symbol does not vanish: (1) Tt, = tg" O91, (2) 2, = 1 2 Aogu1, Sa 
(3) Tis = 59° Oogi1- Note that Es =0. 


The solution is actually given in the text. 


The definition of length | gives us (4¢)? + (4)? = y’. The geodesic equation 
442 /y2) = 0 gives & = y?/b. Plugging this in, we obtain (4)? = y? — y*/b?. 
With the change of variable y = bsin 0, we find « = +bcos@+ «,, in agreement with 
the result in appendix 4. 
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IL.3 


1 


for) 


The Christoffel symbol I?) 
symbol in polar coordinates is ae by me = ie oe, We obtain Ij, = 


Or Ox 1 Or Ay _ 00 Pax 4 80 a? 1 
Ox 002 ' Oy 308 = — 76 = ~ Ox Orde Oy O00 r° 


~ vanishes in Cartesian coordinates. Thus, the Christoffel 


r. Similarly, 
Solution in back of book. 


Plugging into (30), we obtain IY) = I, + LA, and so set LA, = —P,. 


py? 


Solution in back of book. 


Physics Is Where the Action Is 


Set m = 2, so that S = fo @ wq"). Write the solution of the equation of motion 
q = —w7q as qo(t) = acos 3 + bya wt with a,b fixed by some boundary conditions 
(with q(0) 4 q(T).) Let ¢ = qo + 6g. Then the second order variation of the action is 
6s?) = fo ((64)? —w?6q") with the boundary conditions 6q(0) = 6q(T) = 0. We can 
already see that we could make 6S@) < 0 if éq varies slowly enough in time. More 
explicitly, write 6g = 77° en sin(nat/T). Then 6S@) = 3 °° ((na/T)? — w)c2. For 
T large enough such that 7/T < w, we could, by choosing c, appropriately, get either 
sign for 6S), 


2 3 
We find S(q2) = 2h — 4, and so $(q2) — Smin = Ao + At + G > 0. 
We simply take the answer given in the text, set h = 0 and restore g. 


Solution in back of book. 


a da’'t a a 
diet ao = dat Bat Oa’t = do eee 
Use Cartesian coordinates. Let a string of length 2L be tied down at « = +a. 


Call the area enclosed between the string and the z-axis 2A = fe. dx y(a). The 


constraint reads 2P = f° da 4/14 ( dy 2 = 2L. (The various factors of 2 are for 
convenience.) Thanks to Lagrange, we simply plug and chug. We have the obvious 


symmetry condition y(x) = y(—«). Extremizing A+ AP = i. dx (y+Ay/1+ (44)2) 
with the boundary condition y(a) = 0 and the Lagrange multiplier 4, we opie 


d 
the Euler-Lagrange equation oa Sere rar = 1, which implies (42)? = yo = We 


x 


integrate to obtain y = VA? — 2? = Va? — x? with the second equality fixed by the 
boundary condition. We find the circle as expected. Imposing the constraint, we find 
2L = 2 dx 4/1 + + (44) A= S20), dx 1//a? — x? = ma. By the way, the geometrical 
proof I learned as a kid is given here: www.math.upenn.edu/~shiydong/Math501X-5- 
Isoperimetric.pdf. 
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IIl.4 Symmetry and Conservation 


1 We now have rotational invariance around the z-, y-, and z-axes. Simply repeat 
what we did to get to (10). The 3 conserved quantities are L; = meignnt 
where €;;, is the totally antisymmetric symbol defined in chapter I.3. For example, 
elementary physics. 


y This is of course just the familiar formula L=2x p from 


III Space and Time Unified 


III.1 Galileo versus Maxwell 


1 Solution in back of book. 


III.2 Ejinstein’s Clock and Lorentz’s Transformation 


Conus 


1 Squaring, we find (At’)? = AL” = a and thus the relation between At’ and At. 
ce 


The rest follows. 


2 You can simply plug in and verify that one matrix is the inverse of the other. The 
easiest way to show this is to use the form of the transformation in light cone 
coordinates (5). Then u — —u corresponds to ¢ + —@ and e® going into its inverse. 


3 With no loss of generality, let the object be moving in the (a-y) plane. The 


the differential form of the Lorentz transformation gives dt’ = ons, dz’ = 
aeerd dy’ = dy. Dividing da’ = peered dy’ by dt’, we obtain v!, = cone y= 
V1 — u?—"_. If we insist on writing this using vectors, we obtain the rather unwield 

1l+uv g g y 
expression 


® =[V1— wwe + (1 — V1 —v2)a- + v2 )a|/(w2(1 + @- 8) 


This exercise reinforces the point, to be made in chapter III.6, that it is advisable to 
deal with objects that transform “naturally.” 


A The limiting value v, is determined by v, = a . Solving, we obtain v? = 1, as 


expected. Note that vp does not enter, also as expected. 


III.38. Minkowski and the Geometry of Spacetime 
1 Solution in back of book. 


2 We have dt = pcoshT dT + sinhT dp, dr = psinhT dI’ + coshT dp. Thus, 
dt? — dr? = p*dT? — dp’. 


3 Solution in back of book. 
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4 Solution in back of book. 


5 Let wt” = atV” — V¥a’ so that aw = —wt’W,. Then 
d dW" 
aq uw") = 2W = —20""W,,W, = 2w”"W LW, = 0 


where the last step follows from the fact that something equal to minus itself vanishes. 
This is just an example of the general result we learned in chapter I.4 that the 
product of an antisymmetric tenor (namely w“”) and a symmetric tensor (namely 
W,,W.) vanishes. Next, (a“V” — V“a")V, = —a" = —“. Finally, -4£(V,W*) = 
Vw? W, + Ww? V, = 0. 


6 Solution in back of book. 


7 In the context of appendix 1, the statement is true by definition. The metric ny» 
regarded as a matrix is left invariant; in particular, the number of eigenvalues equal 
to +1 or —1 cannot change. This statement has more content for curved spaces or 
spacetimes. It amounts to the intuitive statement that a space cannot be turned into 
a spacetime by a coordinate transformation, and vice versa. In the context of chapter 
1.6, when we go to locally flat coordinates, we could scale the diagonal elements of 
Juv (0) to £1, but we cannot change their signs. 


8 Solution in back of book. 


9 In the experimentalist’s frame, u4 = (1,0) and hence the energy of the particle is 
given by E = —u“p,,. Since (in any frame) p? = E? + p”, plugging in what we have 
for E, the stated result follows. 


10 We have d(t,r) = dag + dpc = Vt? —2? + \/(2—1t)? —2?. By symmetry, take 
0<t< 1. Since 


oat) es gt ((  — 2?) + (/(2-1)? - =) *) <0 


the distance d(t, x) reaches it maximum at x = 0, where d(t,0) = 2. 


III.5 The Worldline Action and the Unification 
of Material Particles with Light 


1 Solution in back of book. 
2 Under a Weyl transformation, we have y > e4¢(%)y and y%8 (7,0) 3 e724(79) 7° (7, 0). 


Thus S = LT  drday? (e407) 2 ye 24%) (Ay X#O8X y) = S$ is left invariant. 


III.6 Completion, Promotion, and the Nature 
of the Gravitational Field 


1 Solution in back of book. 
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2 Solution in back of book. 
3 Solution in back of book. 


4 Solution in back of book. 


5 Solution in back of book. 


6 The string current found in the text takes the form 


JM (4) = 


Now, consider making a change of variables to 7’ = r'(7,a) and o’ = o'(7,0) 


0,qt 
Ooq"" 


i dt do det ( 


0,q” 
Oo” 


) 20 alr. 0) 


. Then 


the measure in the integral changes by a Jacobian: 


Or 0a 
dt do = det ( oe 
Oo!’ Oo’ 


a | dr’ do’ = Jdr' do’ 


Meanwhile, the partial derivatives transform like 


so that we have 


Or’ Oo’ 
Ag ee a Pie Re a a 
arora ar 74 
/ / 
a,q¢ = or na sie - gt! 
a 
= det eo Orgt + oF On qh oF Ong” ae oe O01” 
Ie Ord + Ge Oo a BeAr” + Georg" 
= det 3 a Og" Ong” 
be Be J \Oorg"  Oarg” 
Or’ Oo’ 
= det Or Br det On gh Ong? 
EE) oa ose 
= Orgh  O,1q” 
= J~'det { 27 ‘i 
bee On q? 


Putting these back together, we see that the factors of the Jacobian J cancel precisely, 


and we get 


JY’ (2) = per do’ det ( 


0,1 qh 
Oz! qr 


O,1q” 
Oz! q” 


) 80% —atr'.0') 


so the string current is indeed invariant under transformations of string coordinates. 
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7 Recall that angular momentum can be written as J =7x p, so we have, for 
instance, J, = xpy — ypz, and so forth. Of course, we really should think of rotations 
in general dimensions, in which case we want to label them with two indices, not one, 
so we instead consider 7‘) = x'p? — xp’. Now, the components of momentum are 
related to the components of the stress tensor as p’ = J, so we might be tempted 
to say that the angular momentum is J = x'T° — 2/T°. However, this doesn’t 
transform like a tensor; we really need to integrate it over some 3-volume, so we write 


MY = pee (ror _ er") 


We conclude that the M’) describe the angular momentum of a system. If we upgrade 
from only spatial indices to Lorentz indices, and define 


MY = pes fares — eee) 


we get an object that describes both angular momentum (M”) and conserved 
quantities associated with Lorentz boosts (M°). 

Note that the 12-component M!? = f d?x («!T° — «?T°?) is precisely the elemen- 
tary definition of angular momentum around the 3rd axis for an extended body. It 
seemingly could depend on the time t when the integral is evaluated. Let us check 
that in fact it does not (namely that angular momentum is conserved): 


<i 7 pe (x*0pT% — aT) = pee (Ts — T3*) =0 


In the second equality we used 091°” = —O;T’”, and in the third equality, the fact 
that T¥” is symmetric. 


IV Electromagnetism and Gravity 


IV.1 You Discover Electromagnetism and Gravity! 


1 We have ae = 2p, = m'F’p,p, = 0. The last equality is due to the 


antisymmetry of F¥”. 
IV.2 Electromagnetism Goes Live 
1 L=—-4F FY = —7(-2FG, + FR) = 5(E? — B?). 


2 (a) 0, TH = (0, F4) FYFE) 0, FY —5F 5,0" F’?. In the absence of charged particles, 
the first term vanishes by Maxwell’s equation (13). Next, (16) tells us that the sum 
of 0” F 7? and the two terms obtained from it by cyclically permuting the indices 
vop vanish. Hence the third term in the expression above for 0,,7"” can be rewritten 
as +4F5,(07 FY + OPF”’°) = F,,0°F*’. In contrast, the second term in 0,T”, 
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10 


namely Poe, can be written as —F,,,0/F*”. We thus obtained the desired 
result. Throughout, we raise and lower indices with the Minkowski metric and use 
the antisymmetry of F,,. 


(b) In the presence of charged particles, the first term in the expression in part a 


for 0,T"” does not vanish; instead, Maxwell’s equation (13) gives Oy. Tecctromagnetic = 


—J)\F’*. We have to add to this 0,7%” We simply repeat the calculation in 


particles’ 
exercise III.6.3 except that in the last step, we have to use the equation of motion in 


the presence of the electromagnetic field, namely (IV.1.23) from the preceding chapter: 
Be — ¢,FH(Xq(tq))A*. We obtain 0, 7%” = FAI, = —0,TH 


dTa particles L~ electromagnetic’ 
Hence the desired result. 


We have T° = F% F° 4 4F,,F°?. Plugging in (IV.1.17), we obtain the stated result. 
Solution in back of book. 

Solution in back of book. 

Use the definition ae = — heyy roF” and plug the identity nyeerer"sY = 
— (nh nen? +...) into moFMFY?.... 

Solution in back of book. 


Solution in back of book. 
This follows almost instantly: T = nyyT#” = Fy,F' — ($)4Fo)F?? =0. 


Solution in back of book. 


Prologue to Book Two: The Happiest Thought 


1 


Vv 
V.1 


1 


V.2 


1 


Solution in back of book. 


Equivalence Principle and Curved Spacetime 


Spacetime Becomes Curved 


Solution in back of book. 


The Power of the Equivalence Principle 


Solution in back of book. 
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V.3 The Universe as a Curved Spacetime 


1 We find # ((44)? a?(42)?) = 2( #4) €t _ 9qa( 4) (42)? —202( 42) £2 = 0 upon using 


(4) and (5). 

2 With goo = —1, gor = —sinz, gi1 = cos? x, we evaluate (9) to find dl? = dx”. To 
understand this simple result, note that if we replace t by t = t—cos z, the spacetime is 
in fact flat. 


3 For a(t) = 6t%, we obtain 26(1 — a)R = (te ® — tg %) and thus D(R;ts) = 
$((26(1 — a)R+th%)ra —ts]. For a <1, (1—a) > 0, so that as R tends infinity, so 
does tr. In the limit R — co, we obtain D(R; ts) « Res, namely « R? for a matter 
dominated universe and Ss R? for a radiation dominated universe. In the opposite 
limit, for 26(1— a)R « tg, we find that D(R; ts) ~ bt R = a(ts)R, as expected. 
In general, for R small, we have tp ~ tg, and thus 2R = i aa ~ (tp — tg)/a(ts) 
and so D(R; ts) = $(tr oars ts) > a(ts)R. 


4 It is merely a matter of evaluating 1+ z= S¢ = qqz) with T= t(R; tg) determined 


R; 
by R= Hi dr = i te) at, 


For a(t) = e’ we obtain (1+ z) = 1/(1— Re’S). In the R > 0 limit, z ~ Re’s. 
For a(t) = 6t* we obtain (1+ z) = tg°(B(1-a)R+ tg” 0) a . In the R — 0 limit, 
we have z ~ aGR/tgi~%. 

5 Solution in back of book. 

6 Solution in back of book. 


7 Solution in back of book. 


8 Consider the discussion in the text about sending a message carried by electromagnetic 
wave at time tg to our friend located at r = R and getting a response back at time 
tr. We now have — Integrating this along the outbound trip and the 


—_ dr 
a(t) par 


return trip, we obtain 


{Slats 


for a closed and open universe, respectively. For a given a(t), this determines tr 
tr(R,ts), which in turn fixes the distance between us and our friend D(R;ts) = 
g(tr — ts) 
Q\"R a}* 


=2L(sin7'(R/L) or sinh~'(R/L)) 
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V.4 
1 


2 


V.6 


VI 


Motion in Curved Spacetime 
Simply plug (23) into (17). 
Solution in back of book. 


Simply vary to obtain the equations of motion with A and B dependent on ¢ as well 
as Tr. 


Solution in back of book. 
Solution in back of book. 


Solution in back of book. 


Covariant Differentiation 


You can show this either by verifying that the divergence as stated transforms correctly 
or by pretending that T¥” is given by W#U”. 


Simply plug in and do an ordinary integration by parts. 


For the last part of the exercise: Dyg"” = O,g"” + Py Jou + DX ,9u0 = —9"7 (O.Gow — 
TY Inw ~ U2 don)9?” = —g'?(Dygou)9"" = 0, where we used (7) in the second 
equality. 

Solution in back of book. 

Solution in back of book. 

For a scalar S$ define Peo = ae This transforms like a scalar. 

In exercise 6, let S = U,W". Then as we would expect, the covariant deriva- 


tive of a vector with a lower index along a curve is given by 
T¥,(X(¢))V*(C)W (6). Given how tensors transform as if they were made of prod- 
ucts of vectors with an upper index and of vectors with a lower index, we can now 
immediately write down the covariant derivative of tensors along a curve. For example, 


DUy(G) _ dW .(¢) 
DO a 


DT#, — dT#, 
DE d¢ 


+TX,VAT", -Th,VAT#, 


Einstein’s Field Equation Derived and Put to Work 


VI.1 To Ejinstein’s Field Equation as Quickly as Possible 


1 


Note: A solution was already provided in the back of the book, but here is a more 
detailed solution. 
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This is just plug-and-chug, using the Christoffel symbols we already know: 
DoWo = 09Wo —TigWo —ThyWy 
= 09Wo 
DoW = OW, —T4,We —T§,We 
= 0pW,, — cot OW, 
DpWo = O,Wo —TgWa — TSW, 
= 0,Wo — cotOdW, 
DoW = OgWy — TpWe —TEyeWe 
= 0,W, +sin 6 cos @ Wo 


DoU® = O9U° + 1G gU° +15," 
= O,U° 

DoU? = 0oU* + T$U° + T¥U" 
= 0pU" + cot OU? 

DzU® = 0,U° +18 ,U% +160" 
= 0,U® — sin0 cos 0 UU" 

DU? = d,U? +T8,U9 + T8,U% 
= 0,U" + cot 0U® 


Next, note that 


(DeW,) U? + W, (DeU®) = (DeWe) U® + (DeW,) U® + Wo (DoU®) + Wy (DoU®) 
= (OgWo) U® + (AoW, — cot OW.) UP 
+ Wo (0oU°) + W, (OoU* + cot 0U*) 
= (09Wo) U® + Wo (eU°) + (OpWy) UP + Wy (OoU*) 
= 09 (WoU® + W,U*) 
= Do (W,U*) 


(D,W,) U? + W, (D,U*) = (DyWe) U® + (DzW,) UP + We (D,U*) + W, (D,U*) 
= (Wo — cot 0W,) U® + (0,W, + sin 6 cos @ We) UP 
+ Wo (0,U°% — sin 8 cos0U*) + Wy (0,U% + cot 9U") 
= (0,We) U® + We (0,U°) + (O,W,) U® + Wy (O,U*) 
= Oy (WoU° + W,U*) 
=D, (W,U®) 
and thus we have shown explicitly that (D,,W_) U” + W, (D,U”) = Dy (WLU’”). 
Solution in back of book. 
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10 


11 


12 


13 


14 


15 


16 


Simply plug in and verify. 


Again, simply plug in and verify. 


In proving relations like this, we can pretend, once again, that T),, is equal to the 


product of two vectors W,,Y,. 
Solution in back of book. 


Solution in back of book. 


The only nonzero Christoffel symbols are T'¥,, = (0, ¢)/@ and Ty), 


the nonzero components of the Ricci tensor are 


Rwy = R° pov al RY ay 
= Oh TE ha 
_ _ WO 
= ean 

Ryy = PR yyy + Ro yyy 
= OW iy —TY re 


—n'’O,od. Then 


ye” YY 
= —gll¢ 
where O¢ = 7""0,0,6 = On (./—7 n'” Ov.) /./—. The Ricci scalar is then 
2 
R= Ruy + gh Ryy = — = 


Solution in back of book. 


Solution in back of book. 


Go to a locally flat system of coordinates to verify the stated relation. 


Solution in back of book. 


We are given ds? = (1+ fe) (de? + dy”) with p? = x? +y’, that is g;; = 076;;. To 
calculate the scalar curvature using (32), we merely have to set d = 2 and to calculate 


AQ and O0;,Q with Q = (1+ ~y)*. We find that R = 2. 


(a) Since the Weyl] tensor has all the same symmetries as the Riemann tensor, the 
only trace we need to evaluate is g!?Cyupo = Rue + (d—2)7*(Rvo(2 — d) — Qc R) + 


((d — 1)(d— 2))“*(d— 1) gay R = 0. 


(b) Simply evaluate C,vpo by plugging the result of exercise 12 into (33). 


Dy DyW? = Dy V’W, = UK(VYW2,) ap = UHVY,WA, + UHV W,,,,. Interchange 


U and V and subtract. T he stated result follows. 
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17 (a) By direct calculation: the metric grx = y*, Gyy = 27; Gry = O leads to 


ry, = 1/y, 1%, = —2/y’, with the other components either vanishing or given by 
xy, Then R®,,, = OnT%, — OT, —T2,T%, —T2,T¥, = 0. (2) Let «= e%, y =e”. 


Then ds? = e?(“+) (du? + dv?). So Q = et”) = ay. 


(b) From exercise 13: we have R=0-— 26°" 28,0 (—2) 60" BeN Put) =0. 


VI.2. To Cosmology as Quickly as Possible 


1 Solution in back of book. 


2 Again, Einstein’s equation is solved if p+q+r+s=p?+q?+r?+s? =1. This has 
the interesting solution p= q=r $ 8 —} so that the 5th dimension (for the 
meaning of 5, see chapter X.1) contracts. 


3 Calculate the Christoffel symbol, then the Ricci tensor. Then solve. 


V1.3. The Schwarzschild-Droste Metric and Solar System Tests 
of Einstein Gravity 


1 Just continue the computation started in the text. 
2 Solution in back of book. 
3 Solution in back of book. 


4 Solution in back of book. 


5 Solution in back of book. 
6 The solution is given in the appendix to chapter VII.4. 


7 This involves a straightforward computation best performed with the help of a 
computer. 


VI.4. Energy Momentum Distribution Tells Spacetime 
How to Curve 


1 The electromagnetic stress tensor was given in (8); since we’re working in flat 
spacetime here, we’ll go ahead and replace gy, — Nv: 


Ty = PFS —4a Nuvo pl? 


Getting T;; is now simply a matter of breaking up the index summations into sums over 
time and space components (using the fact that F,,, is antisymmetric in its indices), 
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making the substitutions fo; = FE; and Fy; = €4;nB,y, and using some identities 
involving the Levi-Civita symbol: 
Tij = Fin Fj* — 4 ij FopF?? 
= FioFj° + Fin Fj* — 3 5: (2FonF* + FreF**) 
= —E, Ej + €ineé jkmBeBm — 613 (—2En ER + 4 EkemEktnBmBn) 
Sob PAC bp be BiB yo obs (2 i 265»BmBn) 


= —E,Ej + ij BeBe — BjBi — 4 615 (-2E? + 2BmBm) 


Sey 0 ewe: eee ar (2 + 8?) 
The trace of the stress tensor is thus 
T= ee 
= —Ty + 6° TN; 
= a (2 B?) Et =3B? 4 1 (2 ie) 


=0 


as it should. 


2 The divergence of the stress energy tensor of a gas of particles is 


J 1 dX¥ dX! 
Dil actcies = V=a ye ite : dTq ee ae D,64(a — Xa) 
dX” d 


1 S 4 
= T et —-xX 
V-9 a ma f dr, dT ee (2 «) 


To get to the second line, we used the chain rule to write (dX!#/dt,)D,, = d/dtq, and 
to get to the last line, we integrated by parts. But since no external forces act on the 
particles, we have by the geodesic equation that 


dX#_ dX? XY 
Mqa—£D,, —* = ma— =0 


Ma 
dt,” dTa dr? 


and thus D,,Te = 0. 


particles 


3 The stress energy tensor is 


1 dX! dx” 
THY r=, Dima f dre =a a 64 (a Xa) Jor F#? FY ae cr atae ee fa 
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Let’s take the divergence term-by-term, beginning with the last two terms (that is, 
the stess energy tensor of the electromagnetic field): 


Dy Tons = Dy (—90. FY FO + 3 gt” Fay F*) 
= ~go) (FY? D,, FY + FD, F#?) + 4g!” Dy (FoxF) 


Maxwell’s equations with a source give us that D,F¥? = —J°’, and noting that 
Dy (Fox) = 2FD, Foy, we are left with 
DT ext = —9or (FY? Dy FY* — FYI?) + 3 gt” FO Dy Foy 
= FYI? — gO FY Dyk’) +3 gt’ FO DuFox 
= FYI? — gg’ FMD Foy + 3 gt FO Dy Foy 
Relabeling indices in the last two terms allows us to rewrite them as 
Duh, =F’ oJ? — 4g!” F°* (2Do Fux — DyFoa) 
= FY, J? — igt” FO (2D6F ux + DuF ye) 


The first term in the parentheses can be rewritten as 


2ROAD SF = FOOD FS POO DA 
SPO Dy iO Doky, 
= FADE + FO Ds Foy 
= F (Do Fux + DyFou) 


This leaves us with 


Du Tem = FY, J° = ge da (Do Fur af Dy Fou + DF yc) 
= BY gt 


where we used the Bianchi identity to kill the quantity in parentheses. The current of 
a collection of charged particles is 


r=Tva fan 


Therefore we have 


1 dx? 
Die / dra F’p 8 54(a — Xq) 


where we used the Lorentz force law 


dX! dXY a2XY dX? 
a a D a — j a a= oe ae a 
UN dr2 af. 
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Next, we need to find the divergence of the stress energy tensor of the particles. Since 
all the x dependence is in the delta function, we have 


v 1 dX’ dX 
D iat particles ro V~9 dime fare dis ae D,,O*(a _ Xa) 


To get to the second line, we used the chain rule to write (dX#’/dt,.)D,, = d/dtq, and 
to get to the last line, we integrated by parts. This result is precisely the opposite 
of the divergence of the stress energy tensor of the electromagnetic field, so we have 


found that 
DT’ =D al ssticleg + DuTéy = 0 
A Solution in back of book. 
5 Solution in back of book. 
6 Just follow the same steps leading to (18). 
7 Solution in back of book. 
8 Solution in back of book. 


VI.5 Gravity Goes Live 


1 The Palatini action is 


ae ma fe J/—g gh” Riv (T ) + Smatter 


The variation with respect to g'” is easy: 


6S = 


ién@ / d‘x (/=9 égh™ + 6/—9g 9”) Fl se V-99"" 6Ry(L)] + 8S matter 


= ae | tev=al(e ye — 39 pv R) 5g!” + gi” SRT | + 6Simatter 


The quantity in brackets being contracted with 6g” gives us the Einstein field 
equations, as usual: 
Ruv — 2 QwR = 81GT yy 


Next, we need to vary the piece containing 6R,,, (I): 


V=9 9b Ru (Ll) = V=G 9" 5 (0.1%, — 0.0%, +T,T%, —03,7S,,] 
= V-99'" [0000 %, eee eer aes — 26T,TS,,| 
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Now, let’s work on integrating the first two terms by parts. Using our handy identities 
Bog” = —g*g’? Oe 9x0 


1 
Oz V-g = 9 Vg 7 Ox9Xp 


we can write (dropping total derivatives, since they’ll drop out when we integrate by 
parts) 


V=9 9" d,80%,, = —Ie (/=9 gt”) OT, 
=V-9 [9°90 e 9X0 = sg!” Aan] OLee 
—V—9 9" nT, = —V—9 [9°90 p90 = 10!” g’Anax9| $12 
As a result, we find 


V—-9 9" bRuw(T) = 
=o [(a'*9°" orp - bg!"”g’Ox9%p) ere (9'°9?” O90 = sg!” g’Onaxp) re, 


+ 9 (MATS, + TA, 0%, — 26F4,7%,,) | 


V9 9" b Ryu (l) = V-g [a9 Do 90 — 9’ 9 Oa920 
as (99 Os9%p - 49° 9”Isx9) 5h + gMT 3, + a = at | Die 
Now, we must assume that the connection [ is symmetric in its two lower indices, so 
we really need to symmetrize the expression in brackets above in the indices p and v. 


Then assuming the connection [ doesn’t appear in Satter, the equations of motion 
for the connection are 


gg)” Oa 9Xp — 4g” > Asgxp 
- (9.959% = 19g Asgrp) 6B) + gHT3, + g TM 6”) — 29° TS = 0 
The parenthesis notation used here means symmetrization: for example, g’T") = 
ag he eg Los): 
By contracting and v, we get a formula for PS , in terms of gers po Plugging back 
in and contracting o and v then gives a formula for glk ai Plugging that back in 


gives a formula for Pere), The intermediate results are: 


Lia = ag’ OsGuy + 2g” Ongue — £Quog T%, 
gels _ 9’ gt” Ov9Xp 4 gg" O5Ggxp 


Vv 1 Vv 
gq ie = 59 As 9rp 
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We can use this last result to reconstruct [4 by themselves by using the symmetry of 
the connections. Indeed, first let us remove the symmetrization parentheses by writing 


Uae = 3g” gPO59Xp Ae Cr, 


where C#”, are constants (to be determined) antisymmetric in and v. Lowering the 
index v gives 


M= 29"? Oo Gup + Ch n 
Since the right-hand side must be symmetric in o and v, we conclude that C“,, must 
provide a contribution of (1/2)g"?O,gop,. Then the antisymmetry of C",, in w and v 
requires another term —(1/2)g"?O,gov, so that we have 
Che = 3g” OL9ep _ 3g OnGov 
These are all the terms that the coefficients C may contain, subject to the symmetry 


requirements and the fact that the C’ contains only first derivatives of the metric. 
Thus we have specified the C' uniquely, and we are left with 


Te = xg'? (230i a OvJop 7 On9cv) 
as expected. 


2 Solution in back of book. 


V1.6 Initial Value Problems and Numerical Relativity 


1 Solution in back of book. 


2 Solution in back of book. 


VII Black Holes 


VII.1 Particles and Light around a Black Hole 


1 Plugging in the values of various quantities given in the text, we obtain g,,(V°)? + 


doo")? = —2/(1— S) +2 fr? = —(1— 8) — 38)-8 4 BO By t= 1 


2 The desired function r(y) is readily obtained by integrating (10). 
3 Solution in back of book. 
A Solution in back of book. 
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VII.2. Black Holes and the Causal Structure of Spacetime 
1 The flat space metric in spherical coordinates is 
ds? = dr? + r* dd? + dz? 


We wish to find a curve z = f(r) so that the induced metric on the curve reproduces 
the metric of a constant-time slice of Schwarzschild, (12). Thus dz = f’(r) dr, and the 
induced metric becomes 


ds? = (1+ f'(r)*)dr? +r°d¢? 


For this to agree with a constant-time slice of Schwarzschild, we require 1+ f’(r)? = 
1/(1 — rg/r), so we have 


f'(r) = \/—— = flr) = 2V/rs(r— 85) 


1 meen aS} 


VII.3.9 Hawking Radiation 
1 Solution in back of book. 


VII.4 Relativistic Stellar Interiors 


1 Plugging M(r) = (47/3)r3p = (r/R)?M into (13), we see that the expression in the 
3 
second parentheses on the right hand side becomes (1+ ent) 


simplifies to 


, so that the equation 


dP GM, rdr 


(iepCty-) tem) 


which can now be integrated to give the stated result for the pressure profile. 


2 Look at Tolman’s paper. 


VII.5 Rotating Black Holes 
1 Solution in back of book. 


2 Solution in back of book. 


3 This is totally straightforward. Since p? = r? + O(a?) and A = r? + O(a”), we have 
Sic ory = 83. chwarzschild aa (2rgasin® 0/r)dtdp a O(a”). 

4 This is also straightforward. We read off from the Kerr metric that ©? = p?(r? +a?) + 
rga’r sin? 6 = (r? + a? — a? sin? 6)(r? + a?) + rga?r sin? @ = (r? + a’)? — Aa? sin? 6. 


Substituting, we obtained the stated form. 


5 Expand out (23) and compare with the result of the previous exercise. 
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6 We find that 


(r,0) rgar 
w(r, 8) = . 
(r2 + a2 cos? 6)(r? + a2) + rga?r sin? 6 


For large r, w — rga/r? independent of 0, while for small r, w — rgr/(a? cos? 8), 
which — 0 except for 6 = 7/2, that is, in the equatorial plane. Thus, for 6 4 7/2, 
w(r,@) attains a maximum at a value of r determined by solving a quadratic equation. 
You could verify that w(r,@) does not depend on @ for r satisfying r? + a? — rgr = 0, 
that is, on the outer and inner horizons. When plotted as a function of r, the curves 
w(r, 0) for various values of @ intersect for r on the outer and inner horizons. We plot 
w(r, 7/2), w(r, 7/4), w(r,0) in two figures, VII.5.6.a for rg = 3, a = 1, and VII.5.6.b 
for rg = 3, a = 3/2 (an extremal case). I intentionally left the curves unlabeled. 


a 


Figure VII.5.6.a 


w A 


“vy 


Figure VII.5.6.b 
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7 We have from the text that 


N+ =wtyfw?+ nates 
Igy 
where w = —giy/Gpp. At 0 = 1/2, we have 
A-a? rg 
Gt = 2 =1 =1 
r r x 
ars sg 
rn a 
r? + a”)? — Ad? r 1 
doo =! * =r 408(14+ 8) =08 [ot +98 (145) 


Then it follows that 


Ite + 4/ Vip + Goel gel 
TsQ4 


fF =Ts 


Igy 


_ gf tt VP /x? +(e? +91 + 1/2) — 1/2) 
xu? + g2(14+ 1/2) 


gt JG? + (23 + g(x +1))(x —- 1) 
a? + g*(@ + 1) 


2+ @a+ 1) 


8 By now, you should find this straightforward to work out, following the general 
treatment first given in chapter V.4. Allow me to point out though, that you could 
save considerable labor by realizing that you can simply make some minor adjustments 
to the same problem worked out for a massive particle in appendix 3. 


So, start from (46). We have the same equation except that we should now interpret 
Newton’s dot notation as t = rd and ¢ = ae with ¢ the affine parameter. Now, 
after setting 6 = 0, we have git? + 29.6 + guy? + gre*? = —a, with the 
parameter x equal to 0 rather than 1. Thus, with the proper understanding of 
what Newton’s dot means, we can now treat the massive and the massless cases 
at the same time. After a few arithmetic steps, we arrive at an equation of the form 
. 2 
Poo = 2 / gmp = ~a(r? +o? ~rrs)/?) = (1+ 8), 
But we already did the arithmetic in appendix 3! All we have to do now is to replace 
the 0 on the right hand side of (47) by the round parentheses in the preceding equation. 
Thus, we have 
» rg +a? (1—e)  rg(l—ae)? vee 


a 
; + *+1=14+5-—= 
r r2 r3 Son Te r 


We see that several terms cancel between the left and the right hand sides, and we end 


up with 7? + 4{I? — ae? — (1 — ae)?“8} = ?. As was explained in chapter VI.3, the 


32 


9 


10 


11 


freedom to scale ¢ means that the physics can only depend on the impact parameter 
b = |l\/e, and not on | and € separately. Dividing by I? (which we can absorb into 77), 
we obtain the stated result. 


Note that b is defined to be positive. Taking r — oo in (4) and (5) in the text (with 
7 replaced by ¢), we see that € > 0, while / can take on either sign. This explains the 
appearance of sign(/) in the equation of motion. 


To transform Kerr I to Boyer-Lindquist, set du = dT +dr+rgrdr/(r? +a? —rgr) and 
dp = —d® — adr/(r? +a? —rgr). After some arithmetic, we recover the BL form (15) 
of the Kerr metric (with t renamed T, and y renamed ® to avoid obvious confusion.) 


To transform Kerr II to Kerr I, set t = u—r, « = sinO(asing + rcosy), y = 
sin O(r sin yy — acosy), z= rcos@. Again, after some arithmetic, we obtain Kerr I. 


In contrast to the Boyer-Lindquist form used in the text, the Kerr I form of the metric 
mentioned in exercise VII.5.9 depends on rg in only one place, and in a very simple 
way. Indeed, we have 


ds* = —(du+ asin? dy)? + 2(du + asin? 6dy)(dr + asin? Ody) 


+p? (d6? + sin? 6d?) + 3 (du + asin? 6dy)? 

p 
For a given a, the M dependence is isolated in the fourth term. Write du + asin? 6dy 
as l,,dx", which defines the vector J,,. As we will soon see, it is advantageous to depart 
from tradition and order the coordinates as «" = (u,r, y, 4). With this convention, we 
have l,, = (1,0, asin? 0,0). The first three terms define 


—1 1 0 0 

ee 0 asin? 0 0 

Suv = 0 asin?@ (r?+a?)sin? 6 0 
0 0 0 r? + a* cos” 6 


With our unusual ordering of coordinates, the 4 x 4 block that is the metric breaks 
up into a 3 x 3 block and a 1 x 1 block. 

Next, we have to invert gy» = gp, + (rrs/p”)luly to obtain IM = g#”l,. But we can 
save ourselves some arithmetical labor by noticing that l,, = (1,0, asin” 0, 0) is just the 
second row of Tus and thus we see that J“ = (0,1,0,0). This solves 1, = gyvl’ = Tul” 
since manifestly 1,1” = 0. (Now that we have found /# by eyeball so to speak, we can 
easily argue that the solution is unique, since g,, is not singular at a generic point in 
spacetime. ) 


Now we obtain immediately g,,/"1” = 0 and Ce laa = 0, as desired. 


The calculation is straightforward but tedious and is perhaps best done by a computer. 
Satisfyingly, the Riemann curvature tensor turns out to vanish. For the reader who 
wishes to do a few terms by hand, here are a couple of Christoffel symbols to provide a 
check: [jg = —2r (r? +a?) /(2r? + a? + a? cos 20) and Vy = —2ar sin? 6/(2r? + a? + 
a? cos 20). 
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VII.6 Charged Black Holes 


1 The Reissner-Nordstr6m metric is 


1 


2 24102 
A) dr* + r*dQ 


ds? = —A(r) di? + 


where A(r) = (r—r4)(r—r_)/r?. A photon moving in a radial direction has 4-velocity 
ué = (ut,u",0,0), and normalization requires 


uput = —A(r) (u')’ + TG 


(u")? =0 


Thus, since dt/dr = u'/u", we obtain 


ey - aye 7 i = aa 


Integrating, we get 


~ J A(r) 


1 - —T 
=r aro |r in (OE ) 2 (2 a )| 
Pye Te To — Th To — T 


where we introduced constants of integration so that the photon is at r = ro at 
time t = fo. 


2 Setting dt = dt — (A~! — 1)dr, the metric becomes 


= i fe it 
2 2 2 3Q2 
ds*° = —A («i (= 1) ar) + 3 ar + r°dQ 


= —Ad#? +2(1 —.A) dtdr + (2— A) dr? +r? dQ? 


3 Maxwell’s equations are invariant under the duality transformation BS ates Bo 
E, Jt + —JE, JH = J, where JY and J are the electric and magnetic 4-currents, 
respectively. We can therefore take the Reissner-Norstr6m solution and replace the 
electric charge Q- with a magnetic charge —Q,, to obtain the solutions for a black 
hole with magnetic charge. We get the same metric again: 

2 


ds? = Cor jira) dt? r dr? + r2dQ? 
r2 (r—rs)(r—r_) 


except that now, r+ is given by 


re = M+ /M?-Q?, 


In general, for a solution containing both electric and magnetic charge, we would 
replace Q? > Q?2 + Q?.. 
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VIII Introduction to Our Universe 


VIII.1. The Dynamic Universe 


1 


2 


Solution in back of book. 


The corresponding equation is now R? = _ +1, with the solution R(t) = /t(T +t). 
The small t behavior is the same whether the universe is closed or open. 


Solution in back of book. 

Set up the problem as in the preceding exercise. In this case, the cosmological equation 
reads R? = x +1. The solution is given parametrically by R(7) = T(coshn — 1) and 
t(7n) = T(sinh 7 — 7). Again, check the small t behavior of R(t). 


Simply solve (26) and (27). It is instructive to plot R(t) for the closed, flat, and open 
universes and compare. For large t, the curvature term does not matter. 


VIII.2 Cosmic Struggle between Dark Matter and Dark Energy 


1 
2 
3 
4 


5 


IX 


Solution in back of book. 
Solution in back of book. 
Solution in back of book. 


Solution in back of book. 


Solution in back of book. 


Aspects of Gravity 


IX.1 Parallel Transport 


1 


2 


3 


Solution in back of book. 


Let the circle be described by (2, y) = (2+ ecosn,esinn). Then r = Va? +y? ~ 
[L+ecosy and 0 = arctan(y/x) ~ esinn/L. We find 


L+e wT 
puo=af ard = (2e*/L) [ dn sin? n = re? /L 
Hae 0 


As a check, [ d0 r= me*/L. This example shows that unless the coordinates all have 
dimensions of length, we cannot expect a7* to have dimensions of length squared, of 
course. 


Solution in back of book. 
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IX.3 Geodesic Deviation 


1 On the sphere, we know that geodesics follow great circles. Consider two nearby great 
circles of constant longitude; we can parametrize the geodesics following these circles 
as x"(r) = (7,0), so that the velocity of each geodesic is u4 = da/dr = (1,0), which 
is properly normalized. We take t = 0 at the pole, so tr = 7/2 at the equator. If 
the geodesics are separated by a latitude of yo at the equator, we can then write the 
separation vector as e“ = (0, yosinT). Finally, the only nonzero Christoffel symbols 
are eae = —cos@ sin#, Voy = cot @, and the only independent component of the 


Riemann tensor is Rg,g, = sin? 6. We are now ready to verify (6). First, note that 


Rg purure = 0, R? gp urure® = —Y% sinT 
Next, note that 
D2 De? 
=0 = —o sin T 
Dr? : Dr? 


thus verifying (6) for the sphere. 


2 Solution in back of book. 


3 It’s just a matter of repackaging (6) a = Reon de da 


hand side as in (34) and (35). 


é* and evaluating the left 


4 Solution in back of book. 


IX.4 Linearized Gravity, Gravitational Waves, and the 
Angular Momentum of Rotating Bodies 


1 Solution in back of book. 


2 As indicated in the hint, fd°y T%(t,7) = —fdy yQT* = fdy ydoT” = 
ae J dy yT? = Ga f@y (yT® + yT")). Repeat the same trick: f d?y (yT" + 
yT) = — f dy y'yOrT = (4 f dy y'y’T). We obtain the stated result. 


3 Solution in back of book. 


IX.6 Isometry, Killing Vector Fields, and Maximally 
Symmetric Spaces 


1 The first equation in (5) gives €° = F’(), the second then gives €° = — cot 0F(y) + 
g(9), so that the third gives F”(y) + F(y) + g'(@) = 0. This forces g'(@) to be a 
constant, and so g(@) = c+ 6, but periodicity implies that c; = 0. The rest is 
elementary. 


2 Our three Killing vector fields are 
E(1) =sinyd9+cot# cosyd,, €2) =cosyOe—cot@sinyd,, (3) = Oy 
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On the equator, 0 = 1/2, we get 
Ea) =sinyds, (2) = cosy Og 


so (1) and €(2) point “up” and “down” the sphere, depending on the value of y. 
Near the north pole of the sphere, where the coordinates fail to be well defined, 
cot @ = 1/0+---, so we have 


1 1. 
E(1) = sin gy Og + F cospOg+-++,  €(2) = cospd— — a sin y Oy + °-- 


and thus (1) and €(2) are dominated by a component in the ¢ direction, unless cos p = 
0 or sing = 0. 


3 Solution in back of book. 


IX.7 Differential Forms and Vielbein 
1 Solution in back of book. 


2 Solution in back of book. 


3 The transformation from spherical to Cartesian coordinates is 


tany =~ cos6 =~ = 
x r (x? + y? + 2? 
It then follows that i 
dp come 5 (x dy — ydx) 
and 
d 1 
deos@ = — (5) (a dx + ydy + z dz) 
r ieee 


dz z 
= sae +¥)S = “a(t dx + y dy) 


Note that (x dx + y dy)(a dy — ydx) = (x? + y”)daxdy and hence 
dcos@dy = (adzdy — ydzdx)/r® — zdxdy/r® 
= —(adydz + ydzdx + zdxdy)/r? = —cijn2'da) da* /r? 


Thus, F = {-dcos@ dy clearly represents a radial magnetic field. We can see this by 
writing F' in terms of components: 


0 O 0 0 
0 O z —y 
Fv & 0 -z 0 « 
O y -a« 0 


But the components of the field strength tensor are related to the electric and magnetic 
fields by 
0 Ey, Ey E, 
-E, O —-B, By, 
—E, B, 0 —-B, 
—-E, —B, B, 0 


Py = 


Thus for our field strength tensor, the electric field is zero, and components of the 
magnetic field go like B, «x x, By x y, B, «x z with the same proportionality constant, 
indicating that the magnetic field is radial. 


4 Solution in back of book. 
5 Solution in back of book. 


6 Solution in back of book. 


IX.8 Differential Forms Applied 
1 Solution in back of book. 


2 Solution in back of book. 
3 Solution in back of book. 


4 Solution in back of book. 


IX.9 Conformal Algebra 
1 Solution in back of book. 


2 A straightforward calculation gives 
ds* = nyydu"da” = (f*/(y?)°)(y?nuv + 8yryp)dy"dy”, 
which is assuredly not conformally flat. 


3 Solution in back of book. 


IX.10 De Sitter Spacetime 


1 This is just a matter of straightforward calculation. 


2 After working through a few metrics, you will realize that it would be easiest to write 
a computer program to do the actual calculation 


3 We begin with 
d 2 


ds? = —(1—r?)de? + —“ — 4.7? a? 
1 2 
—if- 
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Defining dp = dt+dr/(1—r?) and dq = —dt+dr/(1—r?), we find that dt = (dp—dgq) /2 
and dr = (1 —r?)(dp + dq) /2, so that the metric becomes 


1 — r?)? (dp + dq)? 
4 1-—r? 
= 4(1-r’) (—(dp — dq)* + (dp + dq)”) +r? dQ? 

(1—r?) dpdq+ r? dQ? 


ds? = —1(1—r?) (= ag +r? do? 


I 


A This is also just a matter of straightforward calculation. 
5 Solution in back of book. 
6 Again, this is just a matter of straightforward calculation. 
7 de Sitter’s original metric is 
ds? = — cos” x dt” + (dx? + sin? x dQ”) 


The 4-velocity of a line of constant y, 0, y is u“ = (u*,0,0,0), so the geodesic equation 
becomes 


=a Tt TY uur 
is 

Ou” ‘ 2 

=F eri 


The v = t component is satisfied automatically; to satisfy the others, we need Ty, = 0 
for v = x, 6, yp. We have 


Th = —-3 9 “Oy gee = — sin x cos x 
6 
ly, =0=T% 


So indeed, the geodesic equation can only be satisfied if y = 0, so that we have '% = 0. 


X Gravity Past, Present, and Future 
X.3 Effective Field Theory Approach to Gravity 


1 Solution in back of book. 


X.4 Finite Sized Objects and Tidal Forces in Einstein Gravity 


1 The gravitational field we feel every day is given, to first approximation, by the 
Schwarzschild metric produced by the earth. For an everyday slowly moving object, 
with 3-velocity essentially zero, so its 4-velocity is X# = (1/\/1—rs/r,0,0,0), 
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where rg is the Schwarzschild radius of the earth. (Note that g,,,X"X” = —1.) As per 
the definition of the gravitational electric field given in the text, E,,, = ae, PX oe, 


we need ‘i 
r TS 
Epr = Rrtrt(V')? = grr Rte /(1 — rs/r) = eG _ =) 
Similarly, we obtain Kgg = Eyy = —4E py. For the gravitational magnetic field By», 


we need all components of the dual of the curvature tensor with two t indices, which 
in turn requires all components of the Riemann tensor with only one ¢ index. The 
gravitational magnetic field is zero (this isn’t so surprising: we expect magnetic fields 
to be produced by moving charges, but relative to us standing on the surface of the 
earth, the earth isn’t moving). 


X.5 Topological Field Theory 


1 We have E = 20 x 3/2 = 30, and so, using Euler’s theorem, V = 2+ E-—F = 
2+30—20 = 12. How many triangles meet at each vertex? The number is 3 x 20/V = 
60/12 = 5. The angular deficit at each vertex is 27 — 5(7/3) = 7/3. The total angular 
deficit is 12 x 7/3 = 47. Descartes is some kind of genius! 


2 We have, from exercise 1.5.16, /g = a(L + asin®@), and hence f@Px/gR = 
2 [-" do fo" dpsind =0. 


3 Solution in back of book. 


X.6 A Brief Introduction to Twistors 


1 We have - 
pq =e ratip) (66 Gratis) = Xm), a] 


Note the appearance of the two Lorentz invariants (A, js) and [A, 1] defined in the text. 
2 Solution in back of book. 


3 Solution in back of book. 
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